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Abstract: According to Einstein's mass-energy equivalence, a body with a given 
mass extending in a large region of space, will get a smaller mass when confined into 
a smaller region, because of its own gravitational energy. The classical self-energy 
problem has been studied in the past in connection with the renormalization of a 
charged point particle. Still exact consistent solutions have not been thoroughly 
discussed in the simpler framework of Newtonian gravity. Here we exploit a spher- 
ical symmetrical shell model and find two possible solutions, depending on some 
additional assumption. The first solution goes back to Arnowitt, Deser and Misner 
(1960). The second is new and yields a new vanishingly small value (10~^^cm) for 
the classical electron radius. 

1 Introduction 

In classical Newtonian physics, the gravitational energy of a simple spherically 
symmetric shell of mass Mq and radius R is 

U,{R) = -G^ (1) 

where G is the gravitational constant. 

Taking into account mass-energy equivalence from special relativity, this bind- 
ing energy (negative) is equivalent to a mass defect. Furthermore the equality 
of inertial and gravitational masses has been tested experimentally even in pres- 
ence of sizeable mass defects due to large binding energies [H [2] . Hence the mass 
of the shell will be different from Mq and, in turn, ([1]) should be reexpressed in 
terms of the new "renormalized" mass. In the following we shall refer to Mq as 
the "bare" mass while the renormalized M{R) is the resulting mass when Mq is 
uniformly distributed on a spherical shell of radius R. M{R) takes into account 
the gravitational self-energy, while Mq corresponds to the sum of all the masses 
that one would obtain tearing the sphere in many small pieces and moving them 
away apartj^. 



^e-mail: dillon@ge.infn.it 

^Here we are disregarding any form of kinetic energy or internal pressure or stress that can 
also contribute to the mass. 
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The renormalized mass at the first order in c ^ is immediately obtained from 

m 

M{R) ^ Mo + Uo{R)/c-^ = Mo(l - G^) (2) 

However the exact calculation of M{R) from a given bare mass Mq is not trivial 
and rests upon some additional assumption. 

The classical self-energy problem has been studied in the past by R. Arnowitt, 
S. Deser and CW. Misner (ADM) |3l HI [5] in the framework of a canonical for- 
mulation of General Relativity. Here we whish to consider the problem in the 
simpler context of Newtonian physics with minimal assumptions. In this sense 
the present paper has some pedagogical character. In Sec. 2 we revisit the solu- 
tion given by ADM. We find however that this solution is inconsistent with the 
following expression 

SU(K) = -G^^^ (3) 
R 

for the gravitational interaction energy between the shell and a test-particle 6mo 
settled on its surface. In Sec. 3 we relate the reason for the inconsistency to the lack 
of an appropriate mass renormalization of the test-particle due to 6U{R) itself. In 
Sec. 4 we propose an alternative solution, consistent with ([3]), which allows also for 
a new definition of the classical electron radius, which adds to the well known one. 



2 A consistent solution for the spherical shell 
and an inconsistency 

Given the expression ([T]) for the gravitational energy of a spherical shell, it seems 
quite natural to write down the following consistent equation for the renormalized 
mass M{R) 

or equivalently for the gravitational self-energy of the shell 
Defining 

i^o ^ ^ (6) 

one gets the (positive) solution for the mass 

M{R) = Mo(-l + + 2Ro/R )R/Ro (7) 
with the corresponding gravitational self-energy 



,M(i?) 



2 



UiR) = -G^-^ = -Moc2(l + Ro/R - ^1 + 2Ro/R )R/Ro (8) 
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The equation (jl]) has been considered [5], [6] in the framework of the classical 
theory of the electron. In fact, adding to (jl]) the contribution to the mass of the 
electromagnetic energy /2R (this time positive), the ensuing solution tends to a 
finite value when i? — )• 0: 

M{R-^Q) = \e\/VG = mG (9) 

independent of Mq. This elegant result exhibits a nice feature of the gravitational 
self-energy as a natural cutoff for the Coulomb self-energy of a point charge. The 
result is however numerically too big {mc ~ lO^^me) compared to the electron 
mass. We shall further comment on this. 

Now one could naively think that the (now renormalized) shell yields a gra- 
vitational field identical to that of a spherical shell with the trivial substitution 
Mo — )■ M{R), i.e. a gravitational potential function (for r > R) 

Hr) = -G^ (10) 

r 

Hence the interaction energy with a test particle settled on its surface should be 
given by ([3]). If so, the total mass of the system (spherical shell of renormalized 
mass M{R) plus test-particle 6mo on its surface) is 

Mt(R) = MiR) + 5mo + SU(R)/c^ = MiR) + Sm^il - G^^^^) (11) 

c^R 

Substituting M{R) from ([7]) one has 



Mt{R) = M{R) + Smo{2 + 2R^/R ) (12) 

Here we come to a contradiction. Indeed, suppose we want to deposit a test 
particle (5mo on the surface of M{R) and let us think about this test mass as being 
uniformly distributed on a thin spherical shell of radius r centered on the origin, 
just as M{R). (Note that, neglecting higher orders in 6mo, we do not worry about 
self-energy of Srrio on its own. In other words: 6m{r) ^ 6mo-) Now imagine to 
bring r to R and to stick 6mo as a thin film on M{R). Then, viewing the system 
as a new shell of bare mass Mq + 6mQ, one has again from ([7]) 



that does not agree with 0121) . but at the first order in Rq/R (i.e. in c ^). So there 
is a mistake somewhere. 



3 Renormalizing the test-mass 

In Sec. 2 we thought about the test-particle as being spherically distributed on a 
thin shell concentric with the shell M[R). We argued that we should not worry 
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about its own self-energy (since we work at first order in Smo); however we left 
aside the possibility of further renormalization consequences on the masses due to 
the interaction energy 6U{R) itself. Let us assume, by now, that the whole 6U{R) 
be attributed to the test-mass, i.e. 

6mo 5m = Srrio + SU{R) jc? (14) 

This assumption amounts rewriting ([3]) as a self-consistent equation for bU (R) 

SUiK) = _sM(mm,yU(Ry^-) ^^^^ 

R 



From ffT5 



M{R)5mo 



and 

drriQ 



Mm = MiR) + (17) 



at variance with (ITT]) . Substituting ([7]) we get 



1 + = Vl + 2Ro/R 

Rc^ 



(18) 



so f|T7|) now agrees with flT3|l and there is no inconsistency. 

In fact the starting equation (jl]) may be obtained from f[T7|) as follows: Viewing 
the total system as a new shell with increased bare mass (Mo + (5mo), one can write 

Mt{R) - M{R) = dM{R) ; 6mo = dMo 

Hence (|T7I) is a differential equation that yields the mass M{R) of a spherical shell 
of radius R function of its bare mass Mq: 

dMjR) _ 1 

whose solution is just (jl]). 

Note that the renormalization of 5mQ may be equivalently described in terms of 
a suitable modification of the gravitational potential, that, instead of f[TO|) . should 
be written as (for r > R) 

*(0 *('•) = -—§MEF— 

\ rc 



^2 



with M{R) given by ([7]). 
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4 An alternative solution and a new classical elec- 
tron radius 



In Sec. 3 it was proved that renormalizing the mass of the test-particle by the 
interaction energy with the massive shell leads to (17|5]1 . However this assumption 
may appear somewhat arbitrary. Moreover it seems not conciliable with additivity. 
In fact let us think about the shell M{R) as made up by the sum of a large number 
N of light overlapping shells each of mass 6m' 

Sm- = N6m' = M{R) 

i 

and rewrite ([3]) as the sum of the interaction energies with each sub-shells 

5U{R) = -Gj2 ^^^^ = Yl = ^'^"(^) (21) 

i i 

Now for each individual term in the sum in f l2T|) let us perform the renormalization 

of the test mass as before {Suiq — 6mQ + 5u{R)/c^). Then 

j^r(^) ^ CY .5m^(^mo + 5u{R)/^) _ ^ M{R)5mo ^^2) 

R R 

for large N. Moreover the final result f l22p will not change even if the little mass 
equivalent to the interaction energy were attributed (fully or in part) to the shell 
M[R) rather than to the test-particle. This is because the ensuing correction to 
SU{R) comes to be at a higher order in 6mo in this case. 

Then, assuming additivity, one should not change and look for a solution 
other than (171l8|) . In fact we may exploit the method outlined in Sec. 3. Starting 
from (ITT]) we get the differential equation 



dM{R) _ M{R) 
dMo ~ Rc^ 



(23) 



whose solution is 



M(R) = - ^M-G-^]) ^ M„(l - exp[-|!])-| (25) 



Instead of (fT2l) we have now 



Mt{R) = M{R) + (5mo exp[-:^] (26) 

R 

and there is, of course, no contradiction. 

The alternative solution f l25|l deserves a couple of comments in connection with 
the classical theory of the electron [7]. To obtain the mass of a spherical shell of 
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radius i?, charge e and bare mass Mq = 0, it is enough to make the substitution 
Mo ^ eV2i?c2 in One gets 

Me(i?) = ^(l-exp[-G^]) (27) 

Again we may appreciate the regularizing role of the gravitational self-energy that 
heals the divergency of the Coulomb self-energy when i? — )■ 0. Instead of the 
previously quoted result Me{R — > 0) = = \e\/\/G O [6], this time we obtain 
Me(i? ^ 0) = 0. 
Let us now define 

Re = Grrie/c^ (28) 

and rewrite ( E7|) in terms of and = e^/nieC^ (the usual expression for the 
classical electron radius [7j). We get 

Me(i?)=me-|(l-exp[-^]) (29) 

In order that Me{R) = me, one has to find solutions of 

|(l-e.p|-^l)^l (30, 

Numerically for the electron it is: Ve = 2.82- lO^^^cm and Re = 0.7- lO^^^cm. Then 
it is immediately seen that fl30|) has two distinct solutions (i?i, R2), almost exactly 
coincident with re/2 and Re- Note that, while for the first solution (i?i ^ re/2) 
gravitational self-energy effects are totally neghgible, the opposite happens for 
R2 ^ Re (see (|28|)). 



5 Concluding remarks 

In this paper, taking due account of mass-energy equivalence (and of the equality 
of the inertial and gravitational masses), we faced the seemingly trivial problem 
of calculating the gravitational self-energy of a given distribution of mass. We 
exploited the simple model of a spherically symmetrical distribution over a shell 
of radius R. The problem may equivalently be stated as how to calculate the 
renormalized mass of the given distribution M{R) from its bare mass Mq. We 
displayed two possible solutions. The first one was known since 1960 E], the 
second is new. The difference between the two is related to specific assumptions 
about mass renormalization. The first one requires a modification (see ( |20|) ) of 
the gravitational potential generated by the shell with respect to the well known 
expression of Newtonian theory (ITU]) . The second solution does not need any 
modification of ( 1T0|1 and follows from a simple assumption of additivity (see Sec. 4). 
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When the bare mass Mq is substituted with /2Rc^ one gets the gravitationally 
renormahzed e.m. mass of a pure static electric charge uniformly distributed on a 
spherical shell of radius R. Defining 

Rg = \e\VG/c^ = Gma/c^ (31) 

it is for the solution ([7]) 

M,{R) = mc^i- 1 + + {Rg/R^) (32) 

which reaches its maximum value = \e\/\/G dX R = 0. On the other hand 
from the alternative solution ( 127|) one gets 

M,(i?)=ma-^(l-exp[-^]) (33) 

that has a maximum of the order of at i? ~ Rq- Since fl33p goes to zero when 
i? — 7- 0, one finds a further solution for the electron mass at a vanishingly small 
radius (lO'^^cm). 

Indeed in [B] it was stated that a system cannot have pointlike dimensions at 
the mass mc and the minimum possible dimensions for that value are just given by 
(13T]) . It is remarkable that mo may also be written as mc = \fa. Mpianck] likewise 
Rg = \f(y. Ipianck- As emphasized in [8], these quantities are purely classical (the 
square root of the fine-structure constant a cancels h) and define the scale at which 
gravitational and electromagnetic self-energies become comparable. 
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